We consider the SL(2, Z) transformation of the gauge invariant operators and states in N = 4 SYM theory. Duality requires the SU (2, 2|4) generators with the dual coupling constants are related by a unitary transformation S up to a U (1) Y phase. Based on S, Sduals of the physical operators and states can all be defined. Superconformal multiplets with the dual conformal dimensions are mapped into each other. We show that it is impossible to make all of the 1/2 BPS operators and their S-duals differ by a U (1) Y phase. Instead, U (1) Y rule is imposed on the supercurrent density, which could also make the conserved currents and then the SU (2, 2|4) generators respect the rule. The further knowledge on the transformation of the chiral primary operators could make S entirely determined. In loop space, S has the explicit definition as a canonical transformation with the gauge invariant electric flux and the conjugate magnetic flux composing the SL(2, Z) doublet. S-duality invariance of the theory requires that such S could make the SU (2, 2|4) generators respect the U (1) Y rule.
Theories with τ 's related by the SL(2, Z) transformations are physically equivalent. 1 Especially, when θ = 0, a = d = 0, (1) reduces to g → 4π/g, the strong-weak duality of Montonen and Olive [3] [4] [5] .
In Coulomb phase, the action of SL(2, Z) on BPS states is well known [1] . BPS mass spectrum is invariant under (1). The perturbative massive vector multiplets are mapped into the vector multiplets arising from the quantization of the monopoles or dyons. In conformal phase, when the theory exhibits the SU (2, 2|4) superconformal symmetry, the observables of interest are gauge invariant operators and their correlation functions. The SL(2, Z) duality will make a gauge invariant operator O in the theory with the coupling (aτ + b)/(cτ + d) mapped into a gauge invariant operator O in the theory with the coupling τ . Correlation functions in two theories are related by
Explicit conjectures have been made for the S-duality actions on the local operators [6] [7] [8] , line operators [9, 10] , surface operators [11, 12] and domain walls [13, 14] . Calculations of the correlation functions are made in [6, 7, 15, 16] . N = 4 SYM theory is dual to the type IIB string theory on AdS 5 × S 5 which is also SL(2, Z) invariant [17] [18] [19] . The duality transformation of the latter offers clues for the duality transformation of the former. In type IIB, components of the supergravity multiplet are assigned with the definite U (1) Y charges, and the S-duality transformation can be seen as a U (1) Y transformation [20] [21] [22] [23] . The corresponding operators in SYM theory should have the opposite U (1) Y charges [24] , which then leads to the conjecture that correlation functions of 1/2 BPS operators in N = 4 SYM theory should exhibit the U (1) Y symmetry [6, 7] . In [8] , the action the SL(2, Z) duality on the local gauge invariant operators is studied based on the conformal weight. It was suggested that for operator with the modular invariant conformal weight, such as the BPS operator, SL(2, Z) transformation will map it into itself up to a possible multiplicative factor if there is no degeneracy. Otherwise, the operator will transform as part of a finite or infinite dimensional SL(2, Z) multiplet, which is the situation for the Konishi operator.
1 Generically, S-duality makes N = 4 SYM theory with the gauge group G mapped into the one with the dual group L G [3] . Here, we only consider U (N ), which is self-dual.
In this paper, we will study the S-duality transformation for operators and states of N = 4 SYM theory in more detail. The discussion is carried out in canonical quantization formalism in temporal gauge, which could also accommodate the θ structure and the topologically nontrivial configurations. We construct the SU (2, 2|4) charges from the same canonical fields with the dual coupling constants in the same physical Hilbert space. S-duality requires that the two sets of charges should be equivalent thus could be related by a unitary operator S plus a U (1) Y phase rotation. The existence of such S almost ensures the duality invariance of the theory. For example, the spectrum of the conformal dimensions is then invariant under (1). Based on S, S-duals for all of the physical operators and states can be defined. Correlation function of the dual operators are equal to the correlation function of the original operators in a theory with the dual coupling constant as is in (2) . The SU (2, 2|4) irreducible state with the energy E(τ ) is mapped into a state in the same theory with the energy E( aτ +b cτ +d ) and the identical SO(3) × SU (4) quantum number.
The U (1) Y transformation of the superconformal generators can only make S determined up to the multiplication of a SU (2, 2|4) invariant operator. To fix S further, it is necessary to specify the duality transformation rule of local gauge invariant operators. In the ideal situation, 1/2 BPS operators should also transform with a U (1) Y phase, which is consistent with the duality transformation of the correlation functions and the conformal weights. Since the current multiplet is also 1/2 BPS, the U (1) Y transformation of the SU (2, 2|4) generators are guaranteed as well. Moreover, 1/2 BPS sectors contain enough operators so that S can be entirely determined.
We found that it is impossible to make all of the 1/2 BPS operators transform with a U (1) Y phase, which means the chiral primary operators cannot remain invariant if SU (2, 2|4) generators respect the U (1) Y rule. As a weaker requirement, the U (1) Y transformation law is imposed on the supercurrent density, which could also make the supercurrent, stress-energy tensor and the SU (2, 2|4) generators respect the U (1) Y rule. We studied the possibility to realize such transformation. The condition cannot entirely fix S. Even though, if one solution can be explicitly constructed, the S-duals for SU (2, 2|4) irreducible states can be obtained up to an ambiguity in phase. To fix S, it is still necessary to know the exact transformation of the chiral primary operators which could make the transformation of the scalar fields determined up to a gauge transformation.
On the other hand, S can be explicitly defined through its action on the loop operators. With the gauge invariant electric flux and the magnetic flux composing the canonical variables and their conjugations in loop space, S is the unitary operator realizing a canonical SL(2, Z) transformation. S-duality invariance of the theory requires that such S should make the superconformal charges respect the U (1) Y rule, which could be proven by checking the S transformation for the supersymmetry and special supersymmetry variations of the loop operators.
The paper is organized as follows: in section 2, we consider the S-duality transformation of the YM theory; in section 3, we review the S-duality transformation in type IIB string theory; in section 4, we study the S-duality transformation of N = 4 SYM theory; the 3 discussion is in section 5.
II. S-DUALITY TRANSFORMATION IN YM THEORY
For Maxwell theory, S-duality transformation is implemented as E i → B i , B i → −E i both classically and quantum mechanically, i = 1, 2, 3. In temporal gauge, the canonical operators are (A i , E i ), and the gauge invariant physical Hilbert space H ph is obtained by imposing the Gauss constraint ∂ i E i = 0 in H. ∂ i B i = 0 always holds but ∂ i E i = 0 is only valid in H ph . Both E i and B i are physical operators. S-duality transformation can be realized via a unitary operator S in H ph :
whereˆrepresents a projection in H ph . There is no unitary operator relating E i and
The situation for the nonlinear electromagnetism, such as the U (1) Born-Infeld theory with the couping g 2 , is also similar [25] [26] [27] [28] . In temporal gauge, the canonical operators are (A i , D i ) and H ph is obtained by imposing
and B i are physical operators. S-duality transformation is still realized via a unitary operator S:
The Hamiltonian is
Hamiltonians with the coupling constants g 2 and 1/g 2 are related by the unitary transformation S.
SU (N ) YM theory in temporal gauge has the canonical fields (A
. Physical states should satisfy the Gauss constraint
Neither Π a i nor B a i is gauge invariant. Instead, ϕ ij ≡ tr(Π i Π j ) and φ ij ≡ tr(B i B j ) are physical. Especially, when N = 2, with ϕ ij or φ ij given, Π a i or B a i is determined up to a SU (2) transformation. Letφ ij andφ ij represent the projection of ϕ ij and φ ij in H ph . We may expect there is a unitary operator S in H ph with Sφ ij S −1 =φ ij , Sφ ij S −1 =φ ij . However, no such operator exists. In fact, as is shown in [29, 30] , when the gauge group is SU (2), it is possible to make a unitary transformation so that the Gauss constraint becomes
Under such a constraint, the eigenvalues ofφ ij (x) can be the arbitrary positive definite symmetric 3 × 3 matrix functions, but the eigenvalues of B a i can not be the arbitrary 3 × 3 matrix functions. The spectrum ofφ ij is different fromφ ij , so the two cannot be related by a unitary operator.
The SL(2, Z) transformation is generated by T : τ → τ +1 and S : τ → −1/τ . In contrast to S, T-transformation is well understood, making Π 
is constructed as [31] 
where
is the topological charge. K 0 is the time component of the current
For the θ vacuum |θ ∼ n e inθ |n ,
where |n represents the pure gauge state with the winding number n,
III. S-DUALITY TRANSFORMATION IN TYPE IIB STRING THEORY
Type IIB string theory is SL(2, Z) invariant. The 32 supercharges of Type IIB theory could be combined into two left handed Majorana-Weyl spinors Q L and Q R , 2 satisfying both the Majorana condition
2 Here, L and R refer to the chirality in string worldsheet.
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and the Weyl condition
It is convenient to combine two Majorana-Weyl spinors into complex Weyl spinors
S-duality transformation will induce a phase rotation to Weyl spinors
τ is the complex scalar field built out of the dilaton and the the axion. Type IIB supergravity fields could be organized into a supermultiplet with the definite U (1) Y charge [20] [21] [22] [23] . The action of SL(2, Z) will make the fields with the U (1) Y charge q transform as
S-duality transformation makes F-string mapped into the (a, b) string, and the first quantization of them gives the string fields f m,n is non-perturbative in (1, 0) F-string frame. However, the massless excitations for all of the (a, b) strings are the same supergravity multiplet related by a U (1) Y rotation. In this sense, supergravity multiplet is universal in all of the S-frame.
IV. S-DUALITY TRANSFORMATION IN N = 4 SYM THEORY
S-duality transformation in abelian theory could be realized through a unitary operator S in physical Hilbert space. We will consider whether the similar S can be constructed for the N = 4 SYM theory with the gauge group U (N ). 
The physical Hilbert space H ph is composed by states satisfying Ω A |ψ = 0. Ω and H ph are τ -independent.
Hilbert space H could be decomposed into the direct sum of H ph and its complementary space:
For
As the simplest example for the S-duality transformation, consider the one dimensional harmonic oscillator with the canonical variables x and p. Under the unitary transformation
Hamiltonians with the mass m and 1/m are related by U :
For N = 4 SYM theory with the canonical fields (X, Ψ, A; Π X , Π Ψ , Π A ) and the coupling τ , suppose G is a SU (2, 2|4) generator with the U (1) Y charge q,
where the charge operators are defined at t = 0 since they are conserved. If the theories with the coupling constants τ and (aτ + b)/(cτ + d) are equivalent,Ĝ(τ ) andĜ(
aτ +b cτ +d ) must be equivalent, which means ∃ S(0), S −1 (0) = S + (0),
The unitary operator S in H ph can also be extended into a unitary physical operator U in H:
where V is an arbitrary unitary operator acting onH ph . In this way, although not unique, the S-duality transformation of canonical fields can be defined as:
] satisfy the canonical commutation relation, from which, one may construct
So, to describe the same physics, we may select two sets of canonical fields (X, Ψ, A) and (X,Ψ,Ã) coming from the quantization of the open F-string and the open (a,b)-string, and then construct two theories with the coupling constants τ and aτ +b cτ +d . 3 Two theories have the same physical Hilbert space H ph with the charge operators related via (14) . When G is the Hamiltonian,
S is τ -dependent, more concretely,
The consistency of (9) requires
which could also make the S-duality transformation form a group.
Finally, in (9), it is necessary to make a projection in H ph to getĜ from G. For example, when G is the supercharge Q, since
there is no unitary transformation U making U QU −1 = e iθ Q and
. On the other hand, in H ph , Ω = 0, so there can be a unitary transformation S making SQS −1 = e iθQ and SQS
B. S-duality transformation of the gauge invariant operators (9) can only make S determined up to the multiplication of a SU (2, 2|4) invariant unitary operator. To fix S further, the transformation rule of other gauge invariant operators should also be figured out.
Generic
In theory with the coupling constant τ , the on-shell local gauge invariant operator O could be written in terms of the canonical fields and their space derivatives:
(1)
which is still an operator in theory with the coupling τ and may be highly nonperturbative when written in terms of the original fields. The projection in H ph iŝ
More concretely,Ô
For the successive SL(2, Z) transformation makingÔ →Ô →Ô witĥ
because of (18) .
In theory with the coupling constant τ , correlation functions of O (τ ) and O(τ ) are
and
The correlation function of O (τ ) is equal to the correlation function of O in a theory with the coupling constant aτ +b cτ +d as is required in (2). In the special situation, if
with q the U (1) Y charge of O, then according to (8) ,
The correlation functions of O in theories with the coupling constants
i . This is the U (1) Y transformation rule for the correlation function of the 1/2 BPS operators conjectured in [6] .
Chiral primary operators
With the gauge degrees of freedom eliminated, N = 4 SYM theory with the gauge group U (N ) has 32N 2 canonical operators (X, Ψ, A; Π X , Π Ψ , Π A ). If the S-duality transformation of these operators is specified, S will be fixed. However, the duality transformation can only be unambiguously defined for the physical operators, but (X, Ψ, A; Π X , Π Ψ , Π A ) are not gauge invariant. Instead, we could pick up 32N 2 complete local gauge invariant operators {Ô} so that once SÔS −1 is specified, S is determined and then the S-duals for all of the other physical operators are all fixed. The completeness means if there is T with TÔT −1 =Ô, ∀Ô ∈ {Ô}, then T = I. When N = 2, for the SU (2) sector, there are 96 canonical operators. The complete physical operators can be selected as, for example,
which effectively plays the role of (X, Ψ, A;
Alternatively, we can also construct a set of 5(
is a gauge transformation operator. So, with {SÔ(X)S −1 } determined, X can be fixed up to a gauge transformation and then, for an arbitrary physical operator K(X) composed by X, including all of the superconformal primary operators, SK(X)S −1 is also determined. As a result, the transformation of the superconformal primary states can be fixed, which, together with (9) and especially
could determine S entirely.
In a theory with the gauge group U (N ), the chiral primary operators are given by
2 tr(X {I 1 · · · X In} ) with the Dynkin labels (0, n, 0) in SU (4) representation, n = 1, 2, · · · , N . The (0, n, 0) representation has the dimension d(0, n, 0) = (n + 1)(n + 3)(n + 2)
so altogether, the number of operators in the chiral primary sector is
{O(X)} can be selected as a subset of the chiral primary operators. For example, when N = 2, for the SU (2) sector, the 15 operators that could make X determined up to a gauge transformation can be taken as
and the latter is chiral primary.
The short multiplet could be obtained by the successive action of the supercharges on O n (X), so if O n (X) remains invariant, based on (15), 1/2 BPS operators should all respect the U (1) Y rule as is in (10) . We may make an explicit check. Suppose the gauge group is SU (2) and for simplicity, let τ = iτ 2 and consider the transformation with τ → −1/τ . For 
(ab) (−1/τ ) .
For SU (2) 
A weaker requirement
It seems that imposing the U (1) Y rule on 1/2 BPS operators is a too strong requirement that should be relaxed at some level. In the following, we will look for the minimum requirement on the transformation of the local physical operators that could ensure the validity of (9).
According to (9) , ∃ S,
Based on the superconformal algebra,
13 there are also
So (26) is equivalent to (9) .
a sufficient but not necessary condition for (26) is
We may assume (33) should hold.
In temporal gauge, from the Lagrangian (1),
the supercurrent density is [32]
To implement the transformation (33), first, consider the unitary operator U 1 with
where e 
where τ 2 = τ 2 /|cτ + d| 2 ,tr represents a projection in H ph . (33) do not hold for J andJ in (35), due to the reason similar to (19) .
Compare (37) and (38) , let
a further transformation S 2 with
15 could make (33) satisfied for S = S 2 S 1 .
where m 1 , m 2 are the compensating terms that can not be set to 0. If
and M 3 will be the SL(2, Z) doublet and singlet, which is inconsistent in nonabelian case, where
In U (1) theory, the Abelian S-duality transformation is known: S = S 2 S 1 , where S 1 is defined in (36) and S 2 is given by
which is a solution of (42) with m 1 = m 2 = 0.
In nonabelian theory, the SL(2, Z) group is generated by T and S. For the T-transformation with τ → τ + 1, S 2 could be extended into a unitary operator U 2 in H, making
which is a solution of (42) with m 1 = m 2 = 0 and could be concretely constructed as (7) . For the S-transformation with τ → −1/τ , it is necessary to find some S 2 with
Both (43) and (44) are transformations with X ab → X ab . The discussion in section 4.2.2 indicates that X ab → X ab cannot be a solution to (45) .
Back to the 1/2 BPS multiplet, with (33) hold, since {Q, J} ∼ T , {Q,J} ∼ T , where T µν is the stress-energy tensor, there will be
Moreover, due to (29) , there are also
[cd] represent the chiral primary operator, the whole current multiplet can be denoted as {O
For operators with either p ≥ 2 and q ≥ 1 or q ≥ 2 and p ≥ 1, the U (1) Y transformation rule (10) is valid, otherwise, (10) can be satisfied for their descendants. For example, for O 2 , we only have
Loop operators
Now, consider the S-duality transformation of the loop operators. When studying the confinement problem in nonabelian gauge theories, 't Hooft introduced two loop operators W (C) and T (C) with the commutation relation
for SU (N ) symmetry, where C and C are the arbitrary two spatial loops with linking number n [33] . W (C) is the Wilson operator given by
in fundamental representation. T (C) is the S-dual 't Hooft operator defined as a gauge transformation singular at the locus of C. In U (1) theory, T (C) can be concretely constructed as
using Stokes theorem, where Π i is the conjugate momentum of A i in temporal gauge.
As the S-dual operator of W (C) under the transformation τ → −1/τ , T (C) and W (C) could be related through
(53) and (54) are also consistent with the commutation relation (50) as well as the requirement (2) on the correlation function, if S satisfies (9). In U (1) theory, S is known and (54) reduces to (52).
where w(C) and t(C) are operators measuring the magnetic and electric flux going through
(50) will be satisfied. At the equal time,
The action of S will make
and generically,
which is a standard canonical transformation. Correspondingly, the loop operator transforms 4 Generally, in a theory with the gauge group G and the coupling τ , the Wilson operator and the 't Hooft
as [9, 35, 36 ]
(W (C)) N = (T (C)) N = 1, w(C) and t(C) are quantized in units 2π/N [34] , which also breaks SL(2, R) to SL(2, Z). It is easy to see S defined in (59) satisfies (18) .
We may take the gauge invariant operators w(C) and t(C) as the canonical variables and the conjugations in loop space, with the constraint equations imposed to eliminate the unphysical configurations that could not be obtained from the spacetime gauge potential. The first problem is whether w(C) contains the complete degrees of freedom of the theory. For the YM theory in temporal gauge, the fundamental field is A i . Polyakov has shown that the gauge equivalent class of A i could be extracted from the element of the holonomy group
where all loops begin and end at the same fixed point x(0) [37] .
Suppose C n is a loop beginning and ending at x(0), winding C n times, then
With W (C n ) for n = 1, 2, · · · , N given, Φ(C, x(0)) can be determined up to a gauge transformation, so w(C) contains enough degrees of freedom.
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The Maldacena-Wilson loop is a special case of the Wilson loop in 10d YM theory [38, 39] , while the super Wilson loop gives the superspace generalization [40] [41] [42] . So in N = 4 SYM theory, we may first construct the arbitrary spatial super Wilson operators W (C) to get w(C) and then obtain their conjugations t(C). S is a canonical transformation with (w, t) forming the SL(2, Z) doublet. In this picture, S is entirely fixed, but to prove the dynamical duality invariance, it is still necessary to show that such S could make superconformal charges respect the U (1) Y rule.
Since {w(C), t(C)} compose the complete physical operators, it is enough to check the action ofQ a α ,Q bβ ,Ŝ aα ,Ŝ bβ on W and T under the S transformation.
So let A(C, τ ) and B(C, τ ) represent the supersymmetry variation of W (C) and
under the S transformation, then the superconformal charges will respect the U (1) Y rule. In [43] , supersymmetries preserved by various BPS Wilson-'t Hooft operators are studied. It was shown that supercharges preserved by the BPS Wilson loops and their magnetic counterparts are related by a four dimensional chiral transformation. This gives a verification for the U (1) Y transformation ofQ,Q,Ŝ,Ŝ.
C. S-duality transformation of the physical states
The physical Hilbert space H ph forms a reducible representation of the superconformal algebra and could be decomposed into the direct sum of the irreducible subspaces:
ir (τ ). The decomposition is τ -dependent and the states in H ph are required to be normalizable. The superconformal generators G(τ ) are then the block diagonal matrices in this representation:
ir (τ ). The condition (9) can only make S fixed up to V S with V G(
) is the identity operator in the subspace H
).
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The global time Hamiltonian is h = 1 2
h has the normalizable eigenstates {|E i } with the discrete eigenvalues {E i },
Sinceĥ (
we haveĥ
If |E i (τ ) is a normalizable eigenstate ofĥ(τ ) with the eigenvalue E i (τ ), S −1 |E i ( aτ +b cτ +d ) will be a normalizable eigenstate ofĥ(τ ) with the eigenvalue E i ( aτ +b cτ +d ). The spectrum ofĥ(τ ) is SL(2, Z) invariant:
Generically, for a state |f (τ ) , the dual state is S −1 |f ( aτ +b cτ +d
) . Since the coupling constant is also involved, with respect to states, S-duality transformation is not a unitary transformation, not even a linear transformation. For
the successive SL(2, Z) transformation |f (τ ) → |f (τ ) → |f (τ ) with
gives
because of (18), where k, l, m, n are defined in (6) . In each irreducible representation, if |f 0 (τ ) is the superconformal primary state with the energy E 0 (τ ), G(τ ) · · · G(τ )|f 0 (τ ) will give the whole multiplet. The S-dual of |f 0 (τ ) is the superconformal primary state S −1 |f 0 ( aτ +b cτ +d ) with the energy E 0 ( aτ +b cτ +d ), while the S-dual of
) . So the duality maps one irreducible representation into another. State and the dual state are in the same SO(3)×SU (4) representation but have the energies E(τ ) and E( aτ +b cτ +d ), respectively. The above conclusions are only based on (9), so for the given theory, if there is a unitary operator S making (9) valid, the theory will be S-duality invariant. If there are two operators S and S making (9) satisfied, then S = V S with V = ⊕ e iα i I
). The condition (9) is strong enough to make the mapping of the irreducible representations determined up to a phase. For a state |f (τ ) in a SU (2, 2|4) irreducible subspace, |f (τ ) ∈ H ) and |f (τ )
If we are only interested with the transformation of SU (2, 2|4) irreducible states, the ambiguity in V only brings a phase thus could be neglected. On the other hand, V has the substantial influence on the transformation of SU (2, 2|4) reducible states.
The situation is similar with the one dimensional harmonic oscillator, where the Hilbert space forms the reducible representation of the U (1) group with the generator H. (6) can only make U fixed up to V U with V H(
). For example, the transformatioñ U withŨ −1 xŨ = x/m,Ũ −1 pŨ = mp can also make (6) satisfied, andŨ = V U for some V . Let a
then the dual state of |n m is |n
the generic U satisfying (6) will make |n m = e iα(n) |n m with the arbitrary phase e iα(n) . For the unique U corresponding to the S-duality transformation defined in (4), |n m = i n |n m . Although the transformation of the energy eigenstates are determined up to phase, for the transformation of |x or |p ,Ũ and U give different results. The loop operators w(C) and t(C) play the similar role as x and p, based on which, S can be explicitly defined.
A normalizable state |O(τ ) in H ph corresponds to a renormalized operator O r (τ ) with the finite two point function. O r can be expanded in terms of the bases {O 
The dual operator ofÔ r (τ ) isÔ r (τ ) = S ) and so, are still properly renormalized with the finite two point function.
[D(
Since SD(τ )S −1 =D(
Single trace 1/2 BPS operators {O 
On the other hand,
does not always hold, and especially,
We may expect that when acting on the vacuum,
is an operator annihilating vacuum and similarly for ∆O
. So correlation functions of 1/2 BPS operators at the different points could respect the U (1) Y transformation rule (12).
D. θ structure and the large gauge transformation
It is necessary to consider the impact of the S-duality transformation on the global structure of the gauge theory. In temporal gauge, time-independent gauge transformation is realized through the unitary operator
corresponding to the U (N ) gauge transformation group u(ω(
is classified by their winding number n,
Ξ and u with the winding number n are denoted as Ξ (n) and
States in H ph should satisfy Ω A |ψ = 0. H ph could be decomposed into the "direct integral" of the subspaces H ph θ . θ ∼ = θ + 2π. ∀ |ψ θ ∈ H ph θ , [44] 
Especially, Ξ (0) |ψ = |ψ , ∀ |ψ ∈ H ph . For a theory with the coupling constant τ = θ 2π +i 4π g 2 , the true physical Hilbert space is H ph θ . Suppose |0 θ is the vacuum in H ph θ , states in H ph θ can be constructed asÔ|0 θ , whereÔ is the gauge invariant operator, [Ξ (n) ,Ô] = 0, ∀ n.
Under the S-duality transformation,
Accordingly, in theory with the coupling constant τ , the S-dual of |0 θ should be
So,Ô |0 θ , the dual state ofÔ|0 θ , remains in the same Hilbert space H ph θ as is required.
For |ψ(τ ) θ ∈ H ph θ , since
we will have
The dual state of |ψ(τ ) θ is |ψ(τ ) θ = S −1 |ψ(τ ) θ which is also a state in H ph θ , so there will be
∀ |ψ(τ ) θ , and then
or equivalently,
Although S is a physical operator commuting with Ξ (0) , it does not always commute with Ξ (n) for n ≥ 1. As the simplest example, consider [31, 44, 45] 
for
there will be
V. DISCUSSION It remains to prove S 2 satisfying (45) does exist. If so, (9) will hold, and then several conclusions can be made, for example, the spectrum of the conformal dimension is invariant under τ → aτ +b cτ +d , {∆ I (τ )} = {∆ I ( aτ +b cτ +d )}. This almost guarantees the S-duality invariance of the theory.
Our basic expectation for the S-duality invariance is that for a theory with the canonical fields F arising from the quantization of the F-string, there are dual canonical fieldsF = U −1 F U arising from the quantization of the (a, b)-string, and the universal operators such as SU (2, 2|4) generators constructed from F andF with the coupling constants τ and aτ +b cτ +d differ by a U (1) Y phase like (14) . By universal, we mean operators apply in the arbitrary S-frame. A stronger requirement is that 1/2 BPS operators are also universal and should respect the U (1) Y transformation rule, which, however, is too strong to be possible. We made a concession to look for the condition to ensure (9) and arrive at (33) , which could also make the conserved currents respect the U (1) Y rule.
If it is still impossible to make (33) satisfied, an even weaker condition for (9) In contrast to the local operators, the action of S on loop operators is well understood. In loop space, S could be explicitly defined as a canonical transformation under which the gauge invariant electric and the magnetic fluxes composing the SL(2, Z) doublet. Sduality invariance of the theory is equivalent to the requirement that such S could make the SU (2, 2|4) charges respect the U (1) Y rule. If it is possible to write the charges in terms of the loop variables, a symmetry between the magnetic and the electric fluxes should be exhibited.
Type IIB theory on AdS 5 × S 5 is dual to the N = 4 SYM theory. With the type IIB Hilbert space in one-to-one correspondence with the SYM physical Hilbert space, N = 4 SYM theory gives a definition for the quantum Type IIB theory. We may expect the Sduality transformation in Type IIB theory can also be realized via the operator S, under which, the SU (2, 2|4) charges respect the U (1) Y rule and the particle states |f m,n , so to calculate the correlation function via AdS/CFT, we should stick in one S-frame and construct the operators dual to, for example, f (1,0) m,n , although the dual operators also exist.
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